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Physics: elementary particle states

Quantum system

H - complex separable Hilbert space

O ={T:H— H} - observables, i.e., densely defined normal
operators

0 # Cf Cc H - a state, i.e., a 1-dimensional Hilbert subspace
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Physics: elementary particle states

Dynamics and symmetries

Dynamics: Distinguished observable H € O, time variable t € R,

aT
E—l[H,T], VTEO

Symmetries: A group G of unitary operators U € O such that

[U,H] = 0.
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Physics: elementary particle states
Quantum mechanics
G - areal Lie group
M - a G-manifold
v - a G-invariant measure (volume form)
H=[?(M,v)
Ug f(x) = f(g7'x),Vf e H, Vg € G

H - a G-invariant Laplacian or Schrédinger operator
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Physics: elementary particle states

What is an elementary particle state?

Given:
S ={T:H — H} - a semigroup of operators

Find:
(Q,7) - a measure space

S:H— f;f di(w)H,, - a unitary operator (Fourier transform)
H,, - irreducible invariant subspace under S for a.e. w € Q

Cf C H,, - elementary particle states w.r.t. S
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Physics: elementary particle states
Dynamical particles = spectral theory
S={H", neN}

Qow=(N\wy), A€a(H), wyeQ

2] 5]
§:H— du(N) H.,
o(H) Q

w - spectral measure, Hpy, = A1

H, = Cf, - wave function, spectral mode
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Physics: elementary particle states

Symmetry particles = harmonic analysis/representation theory
S={Uy, geG}
Q5>w=(mws), mc GirreponH* =H,, w,=1,...d,

EB dﬂ'
S:H—>/A dio(r) 5 H*
G

wr=1

7 - 'Plancherel measure

H“ - Wigner’s elementary particle states
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Physics: elementary particle states

Question: What is an electron, a dynamical or a symmetry particle?
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Physics: elementary particle states

Question: What is an electron, a dynamical or a symmetry particle?

Answer: It is both.
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Old and new examples
Example 1: Laplacian on the line.

M=R, dv(x)=dx, H=A=-92, H=L?(R).

O3> X,P, Xf(x)=xf(x), P=—w0xf(x).

&)
Spectral: o(H) = [0, +00), H:/ d\ @ CgAwAX_
[0,—'1-00) w)\::l:‘l

G=R, Ugf(x)=f(x—g), G=R, H,=C, =(g)=e"9.

®
Harmonic: H:/ dnCe™.
R
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Old and new examples
Example 2: Laplacian on the plane.

M=R?, dv(x)=dx'dx®, H=A=-0% —02

x27

H = [2(R?).

05X, P;, Xif(x) = X(x), Pj=—daf(x), i=1.2

@ @
Spectral: H~ / dA\\ [ dS(wy)CePwrX),
[0,4+00) St

A

G=E@2)=R?2xU(1), g=(y,9), gx=€%x+y, G=R,.

H. = L3(S"), m(g)f(¥) =™ (1 — ).

o
Harmonic: H ~ drrH,, w(g)ePrX) = gwiX),
Ry
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Old and new examples
Example 3: Laplacian on the sphere.

M =52, dv(p)=sinp'dy'dy?.

H=A=—--=0,sine'0, — 92,, H=L2(S?).

521502’

S|n<p

00 /
Spectral: o(H) = {/(/+1)[/eNo}, H~P P CY(v)

1=0 m=—I

G=S0(3), G=Ny,

Harmonic: H~(PH., H.=C{Y ()}7__..

Zhirayr Avetisyan (UCL Maths) Harmonic analysis vs spectral theory Imperial, 2017

15/24



Old and new examples

Example 4: Solvable Bianchi groups.

1 0
G= X1 exaM
X2

M@ [ M

M(IV)

M(V)

° [(0.0) (0 0)

th

th

M(Vlg), -1 <g<1,9#0

M(VIl,), p> 0

G %)
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Old and new examples

Example 4: Solvable Bianchi groups (2).

Left and right generators

Ly 10 0\ /0. R, O\ [0y
Ll={0 1 o]0 Ro| = (€ 0| [0,
L3 (X1,X2)MT 1 6)(3 R3 0 0 1 8X3

h71 = hij R,’®Rj

Left Haar measure

dup(x) = \/det h,.e™* TMdx dx2dx3.
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Old and new examples
Example 4: Laplacian on solvable Bianchi groups.

M =TR3, dv(x)=dvp(x), H=L3(R3 ).

H=hiRR +TrMhR; o(H)=][0,+).
o ® ’
Spectral: H ~ / dx [ di(k")ak?e ™M D Clkpaw, (X)-

[0,4-00) R2 wy =1

G~R2/eEM"  U,f(x) = f(g~'x),

D o0
Harmonic: H~ /G do(m) @ Hr,  Ugknpin (X) = &k hrwy (X)

wr=1

K=e"Mk g=(9'69% €G.
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General approach
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General approach

Fourier transform

A

G - type | unimodular locally compact group, v - Haar measure, G
- unitary dual, 7 - Plancherel measure

@
3:L3(G,v) —>/ do(m)H, @ HE,
G

f(r) = /G dv(x)f(x)m(x), f(x)= /G do () Tr[r* (x) (7)),
Plancherel theorem:

172 = /G oo () Te[F(x)*F(m)].
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General approach

Fourier multipliers

Ugf(x) = f(g~'x), fel?(G,v), geG.
Ug () = n(g)F(r), Fh(r) = H(m)§(r), where
o) = [ dvfy)n ).

He B(H), [Ug,H]=0, Vge G,then

—~

Hf=f(r)H,, H.e B(H,), ie.,
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General approach

Compact groups

G is discrete and d, = dimH,, < oo,

L*(G,v) ~ H- @ H;.
&

If {g /('121 - eigenfunctions of H, then

dr
{ Ti(x) = e;-kﬂ'*(X)ej}i’j21 - eigenfunctions of H, C(G) functions.

Peter-Weyl theorem: H, ® H: = C {é,’fj} and

C{Aﬁrj

Te G} dense in C(G).
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General approach

Eigenfunction expansions

... it is perhaps worth posing the general question of what
conditions on A are needed for such a theory to exist (some hints
in this direction are in Maurin’66)... (R. Strichartz, '"Harmonic
Analysis as Spectral Theory of Laplacians’, 1989)

Gelfand triple: D c Hc D', D - nuclear, id : D — H continuous.
D -coreof H, H: D — D continuous.

Eigenfunctions &, ., € D'.

If H hypoelliptic, then &, ,, regular.
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General approach

Decomposition of continuity

Tr = Tr[Tr7(x)], Li(Hz) ~&: C Cp(G) (Godement’52).

£= { /G di(m)a(r), a(x) e gw} C Co(G).

Generalized Peter-Weyl: £ is dense in Cp(G).

—

Generalized Bochner: Cy(G) is the space of &x-valued finite
measures on G.
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Thank you.
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