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Motivation

The unit disc

@ Unitdisc D C C, polar coordinates w = re®™¢, r € (0,1), peT.

@ Angular Fourier transform

Sf(n,r)= ?(n, r)= /f(cp7 r)e—2mn<pd(p7

f(p,r) = Zf(nr g2mny.

nez
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Motivation

Cauchy-Riemann equations

@ The Cauchy-Riemann operator in polar coordinates:

O _ gm0 v O
ow or  2rwrop|’
@ The condition of analyticity:

0 of 1 0
8—Wf(w)f0 g *E(%T)Jr%%(%")*o-

0 ; n- o
Ef(n, r)— 7f(n, rN=0, f(nr)="fr"
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Motivation

Cauchy-Riemann equations (cont.)

°
f(p,r) = Zf r”eZW”ﬁ"—Zf (,-e2w) ,
nez nez
w)=> fhw"
nez
°

feHol(D) <« sup |f(re®™¥)|<oco < suppf, C Np.

0<r<n<
peT
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The General Scheme

The geometric setting

@ G Abelian Lie group, Y manifold

@ Test functions
D(Gx Y)=8(G)&C(Y)

@ Distrubtions

D(G x Y) =S(G) & C(Y)
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The General Scheme
Fourier transform

@ Half-Fourier transform
F:D(GxY)—=DGxY),
F01:8(G)® CR(Y) = S(G)® C(Y).

@ Formally,

%’f(f, y) = ?(f,y) = /f(X, y)e—27m(§,x> dx
G

@ By duality,

F:DGx Y)Y —>DGxY).
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The General Scheme

Intermediate constructions
@ Multiplier algebra
Om(GxY)xD(GxY)—=DGXY),

OM(GxY)xD(GxY) —=DGxY).

@ G-invariant differential operators Dg(G x Y)

@ G-moderate differential operators

Du(G x Y) = (Ou(G x Y),Dg(G x Y)).
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The General Scheme

Measurable functionson G x Y

@ Invariant measure on G:

du(x,y) = dxdv(y), veAmY(Y).

@ Invariant measure on GI

du(§,y) = dédv(y)

@ Lebesgue spaces

[P(Gx Y)=LP(GxY,p)
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The General Scheme

Mixed-norm spaces

@ Relatively arbitrary Banach spaces

YY) = CZ(YY, Z(G) = S(G), Z(G) C Lin(G)-

@ Mixed-norm space

PN

=(6.9(V) = {0 e Lh(GY(Y)| I20)ly €2(G)},

1lly.z = IEC)yl=

@ Under reasonable assumptions (Z(G, Y(Y)), | - ly,=) normed
vector space,

=(G,Y(Y)) > D(Gx Y)
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The General Scheme

Mixed-Fourier-norm spaces

@ Mixed-Fourier-norm space
X(GxY)= {ueD(Gx Y)Y | &= 3u e =(G,)( ))}
lull = ll&lly=

@ Isometric isomorphism of normed vector spaces

F:X(GxY) = =(GI(Y))

@ Is X(G x Y) complete?
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The General Scheme

Complex structureon G x Y

@ dmG=n, Y CR"open.
@ z=x+1ye G+1Y.

@ Factorisation of holomorphic functions:

UEHOI(GxXY) < (& y)=e 2™ i)

Remember f(n,r) = f,r", r = e 2|
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The General Scheme

Intermediate constructions

@ Weight function
p(e) = ||e72"00

8

@ Weighted space
=(G.p) = {0 € Lw(B)| lolp € =(G)}

lUoll=., = lllTolell=

@ Under reasonable assumptions, (=(G, p), || - |l=,,) @ Banach space.
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The General Scheme

Holomorphic mixed-Fourier-norm spaces

@ Holomorphic mixed-Fourier-norm space

Ax(Gx Y) = X(G x Y)NHol(G x Y)

Proposition

Under mild assumptions,
F:Ax(GxY) > e 2 L Z(Gp), u(z) — e 2mEN) (&)

is an isometric isomorphism of Banach spaces.
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The General Scheme

Analytic factorisation

@ Q complex manifold, G acts analytically on €.
@ Principal stratum: Qo C Q dense.
@ G-equivariant bi-holomorphism ¢ : G x Y — Q{o}.

@ Assume that Y C (Ry)"” open, n=dim G.
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The General Scheme

Paley-Wiener-type properties

@ Under mild assumptions,

supp lip € GN[0,+00)", Vue Ax(Gx Y)

@ Under mild assumptions, 3y, € (R4)" such that Vy; > yo,

sup |lu(x,y)|| < oo, Yue Ax(GxY)

Y>Y1
xeG
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Examples

Unit disc: elliptic geometry

0eQ=D, G=T, TxD>(x,w)—we*ecD
® Quop = Qo =D\ {0}, Y =Ry

@ d:T xRy = D\{0}, &2)=d(x+1y)=e€>"%=re?m™

w—0dD <« z—-Tx{0}

w—0 & z-— +i0
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Examples

Unit disc: elliptic geometry (cont.)

e G=27, Z(G)=1M,ge[1,+x), V(Y)=X(R,)
eu=Ffod, ueCX(TxRy), feCXD\{0}),

l,.\l(f, )_ f 5, /f 27r7,X —27r2§XdX

o rX((0,1)) = X(R;), he X((0,1)) <« hoexpe X(Ry)
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Examples
Unit disc: elliptic geometry (cont.)

@ Mixed-Fourier-norm space £L3X(D) = &, X (T x R,),

LIX(D) = {f € CZD\{0}) | [Ifll < oo},
Ifll = (Z I7(e, ')?(((0,1)))
EEL

@ Bergman space A%X(D) = £L3X(D) N Hol(D \ {0}),
ATXD) = {f € Hol(D\ {0} | H(&,r) =fers, 1]l < oo},

1

Ifll = (ZVsq”g?(((o,n))
€€z
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Examples

Half-plane: hyperbolic geometry

e Q=N=Cy, G=R, RxNs>x,w)—we el
(*] Q{o}:ﬁ{o}:ﬂ, Y:(O,ﬂ')

@ O:NT=Rx(0,7) =M, ®2)=d(x+1y)=€"=re¥

w—oNn\{0} < z—o0r
W—o00-S;p & Z—=+400

w—-0 & z—- -0
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Examples
Half-plane: hyperbolic geometry (cont.)

e G=R, Z(G)=LIR), qge[l,+x), V(Y)=X((0,7))
e T,:C(N)— C(N), A>—1

Ty f(z) = ez t)2f(e?)

e u=Tyf, ueDl), feDN),

He,y) = e 2)u(e, x) =/fry )2z ar
0
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Examples
Half-plane: hyperbolic geometry (cont.)

@ Mixed-Fourier-norm space £3X(IM) = Ty x(T),

£3X(n) = {f e DY | |If] < oo},

1

]| = (/ |?(f=‘)?(((o,7r)))

@ Bergman space A%X (M) = £3%(N) N Hol(IN),
A3y = {f e HoM) | H(&,y) = (&) 2, |f| <oo},

1

o q
Il = (/ Ifo<s>Qe2”§'3’«<o,w>>)
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Thank you.

Z. A, A Karapetyans “Mixed-Fourier-norm spaces and holomorphic
functions”.

Arxiv: 2411.15379
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