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The setting of the problem

Weyl quantization on a manifold

@ M - closed (i.e., compact without boundary) connected C*
manifold, dmM=n> 2

@ Vol?M - half-density bundle over M

o AcLI(Vol?M) is a WDO of order d € R, i.e.,

@ A: C®(Vol’M) — C®(Vol?M) st VchartMc Q~ Q' C R”,

Op(aq) + Ko, Kal.,.) € C(Vol’°M X Vol *M).

A —
a2 (Vol 2Q)

aq € SY(T*Q).
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The setting of the problem
Weyl quantization on a manifold (cont.)

o MDQi~Q;CR"i=1,2twocharts, ¢ : Q1N — QN
transition map,

aq, = ¢*ag, mod S92,
@ Isomorphism $9/89-2 5 a+— Op(a) € L9/L9-2

@ aq - principal symbol, ag_1 - subprincipal symbol,

a=ay+ay_1 modSi2
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The setting of the problem

First order system on a closed manifold

m
@ H = @ L2(Vol®M) - intrinsic L2-space of m-columns
1

m m
o A: @ C®(Vol?M) — @ C=(Vol?M) symmetric w. r. t. H
1 1 -

m
e Ac L' (@ Vol?M), ay, ay Hermitian m x m matrices
1

m
A=0p(a; +a) modL (P Vol 2M)
1
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The setting of the problem

Elliptic and multiplicity-free

@ Aelliptic, i.e., deta;(p)#0, VpeTM

@ a; has simple spectrum, fo(ai(p)) =m, VpeTM

o M>Q~Q cR"local chart, T*Q > p = (x,£) e A x R"
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The setting of the problem

Spectrum of A

m
e A self-adjoint with domain D = @ H' (Vol ?M)
1

@ o(A) discrete

@ supo(A) < 4oo iff a3 <0

e info(A) > —co iff a3 >0
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The setting of the problem

Eigenvalues and eigenfunctions
e Eigenvalues o(ai(p)) = {W(p)}, j=-m—,...,—1,1,...,m*
emt+m =m, j-H(p)>0, Vj, VocTM
@ Eigenvectors

ai(p)V/(p) = H(p)V/(p), V/ € C™(T*M,C™)

@ Eigenprojections

Pl(p) = V(p) x [V(p)]", P e C(T"M,gl(m))

Zhirayr Avetisyan (UCL) 2nd Weyl coefficient Applied/PDE Seminar, UCSB 2018 9/30



The setting of the problem

Hamiltonian dynamics
e H(p) = H(x,¢&) - Hamiltonian
o Trajectory (X/(t;y/,7/), &(ty/, 1))

dx(t)

dt =8§f}i(x,§), dg(t) _8X (X "g)

(X0 ¥ ), €0y 7)) = (v, o)
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The setting of the problem

Local counting functions
@ Spectrum o(A) = {\«}, k€ —-NUN
@ |\ Nas |kl k-X>0
@ Eigenfunctions Avy = Ak, v €D

@ Local counting functions N. € C(VolM) @ D(R)’

0 if A<0
NN =9 S w02

0<EN<A

@ Ni(x,\) ~as A 7 (step function)
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The setting of the problem

Spectral aymptotics

@ y € M non-focal if

HneTjM‘ =1, 3T>0 s.t. xf(T;y,n):yH:O, Vj

Theorem (classical)

If x € M is non-focal then uniformly in x € M

+ +
c X (o X
Ni(\, x) = )\”L() 4\ %(1) +o(A™ ).

Ci 1, Cr € C(VoIM)
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The setting of the problem

Mollified spectral aymptotics

@ peSR)s.t.pe CX(-T,T), p(0)=1, p(0)=0,
T:inf{T>O‘ Iy, n) e T*M, 3j s.t. xj(T;y,n):y}>0.

Theorem (classical)

Uniformly in x e M

¢t L (x) cio(x) [o(n)) if n=2
N X,)\ — )\n n—1 )\I‘I—1L
[Nx * p](x, \) — = v O(A"™2) if n>3.

[N+ pl(x, A) = A"t

n—1

(X) + A"2cE L (x) + O(\"3).
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The setting of the problem

Weyl coefficients

@ Classical:
+m*
1( )= (271‘)” Z /
J=E i (x,6) <1

@ Chervova,Downes,Vassiliev’'13:

cxo00 =" )3 / [[vf]*aovf——{[vf]* e

/ﬂ:1

+n—i1h"{[vj]*, v/}] de.
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The setting of the problem
History

@ |vrii’'80 - formula without proof

@ lvrii’82 - another formula with a ‘proof’

@ Rozemblyum’83 - similar formula

@ |vrii'84 - yet another formula without proof + algorithm

@ Safarov’89 - formula with curvature term missing

@ Chervova,Downes,Vassiliev’13 - answer by Levitan’s method,
propagator
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Approximating powers of the resolvent
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Approximating powers of the resolvent
Resolvent and powers

@ (A—2)""=0p((a—2z)* ') modL3 zeC\R

Proposition (A.,Sjéstrand,Vassiliev’18)
For every v € N,

(A—2z)"" =O0p ((n—1 1)!85_1 [(a — z)#"1]) mod L™V ~2.

For every chart Q c M,

(A=2)"la = Op ((n—1 1)!3Q_1 [(a ~ 2" +(a- z)fﬁ’z‘q)

+0(|z|7772) : H® — H"*2, vzeC\ (D(0,1)UT,).
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Approximating powers of the resolvent

Principal and subprincipal symbols
Proposition (A.,Sjéstrand,Vassiliev’18)
;

(a-2)"' = (a1 —2)" — (a1 — 2) 'ap(ar — 2)”

+% {(a1 —2)" ay,(a; - z)“} mod S3.

Ivrii’'84:

(a1 —z)™! {31,(31 —z)‘1,a1}(a1 —z)!
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Approximating powers of the resolvent

Matrix trace

Spectral theorem a; = > WP/

Proposition (A.,Sjéstrand,Vassiliev'18)

(a2~ 11—z,ﬂ_z Z(t[,}a_"’:]

2 W—z k pji pl -3
+2jzkjl(hk_z)(h,_z)tr{P,P,P} mod S~3.

Note: quintuple sum in lvrii’s form.
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Approximating powers of the resolvent

Identity

Orthogonality PPk = §/kpPi.
Proposition (A.,Sjéstrand,Vassiliev’18)
tr {PX, PI, P} = 2555w { PI, PI, PI} — 1 { PI, PI, P!}

—5tr {PK, P, P<} 4 o { PK, T, PH )
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Approximating powers of the resolvent

Matrix trace (cont.)

@ Finally,

tr[(a — 2) _1]_Zhl Z_Ztr[aon]

tr{P 81 hIP}

Pl pi pi
+zz% mod 5-°.
J

ZZ
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Derivation of the explicit formula
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Derivation of the explicit formula

Trace class versus singularity

Dilemma:
@ (A—2z)™v traceclassiffr >n+1,veN

@ (A—2z)™” singularonz eRiffvr <n-—1

Salvation: consider

2 1 2 1
(A—2) 1 (A—2zy7 1 (A—z)p 1 (A—2z)n 1

9n—1 (A7 Z) =1

Proposition (A.,Sjéstrand,Vassiliev'18)

9n-1(A, z) is singular on z € R and trace class on z € C \ R.
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Derivation of the explicit formula
Matrix trace of integral kernel

@ Denote f(x,z) =trg,_1(A, 2)(x,Xx), ¥YxeM

e f(.,z) € C(Vol?M), Vze C\R

1002) = 390 1O DO = [ 901 2N ()
k

on 4 [ 1 1
= P D
Ax=0

—(=1)" /0%0 In—1(1, Z)N"_(x, p)du,

where

NL(GA) = D 60 = D v ()%
+A>0
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Derivation of the explicit formula

Mollified version

Denote oo
Px2) = [ gn1(n 2N « ol )l

+o0
—(=1)" /0 Gt (. )N+ p)(x. 1)l

where

[NL = pl(x, A) = > p(h = D Ivie ()12

+A(>0
Setz=Xxe"*, A>1, O0<ep<m.

Lemma (A.,Sjostrand,Vassiliev’'18)

fP(x, Ae"?) — f(x, \e'?) = 0.

——+o00
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Derivation of the explicit formula
Mollified version (cont.)

Lemma (A.,Sj0éstrand,Vassiliev’18)

fP(x,Ae*?) = by(x, o)A + bo(X, ) +0(1) as A — +oo,
where

bi(x,¢) = —4In2-(n—1)sing- [ct ,(x)+ (=1)"c, ,(x)],

bo(x,¢) = =2 [(m — p)c;_o(X) + (=1)"pc, H(X)] .
Corollary (A.,Sjéstrand,Vassiliev'18)

f(x,\e"?) = by1(x, )X + bo(X, ) + 0(1) as A — +oo.
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Derivation of the explicit formula
The other way

@ Step 1:
f(x,2) = o|2tr[(A— 2)"™"](x, x) — tr[(A — 22) "] (x, x)

—2tr[(A - 2)""(x, x) + tr[(A — 22)""|(x, x)}

@ Step 2:

(A~ 2) ™) (x, x) = Op( Loy [(a gyt

(n-2)

+(a— z)ﬂq])(x, x)+0(|z7""), VzeC\(DO,1)Url,).
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Derivation of the explicit formula

The other way (cont.)

@ Step 3:
OP(B)(x. ) = gz | blx.€)ak
@ Step 4:

For ¢, ,(x) replace A with —A.
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Derivation of the explicit formula
Result

@ Eigenprojections:

m*

H

n(n—1)
(2m)"

¢t L,(x)=— [tr[aon] + % tr {Pf, a; — M, Pf}

I=E1 L pix,6)<1

! 1h/tr{Pf, Pi, P/}]dg.

@ Eigenvectors:

n(n—1) < . .
eryE_z( )=-— (2r) j:zﬂihi()!g)a [[V/] agVv —— {[vl] ,a1 —H vl}
+ i I'/{[vj]*, v/}] de.
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Thank you.
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