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Measure space
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Approximations
Norm approximations: given f find g s.t.

‖f − g‖ < ε

Spatial approximations: given f find g s.t.

(f − g)|E = 0, |E{| < ε

Theorem (Luzin’1912)

For every f : [a,b]→ C measurable, a.e. finite, and ε > 0 there exist
g ∈ C[a,b] and Ef ,ε ⊂ [a,b] s. t.

(f − g)|Ef ,ε = 0, |Ef ,ε| > b − a− ε.
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Fourier series in L1

M = (M,Σ, µ) finite separable measure space

{ϕn}∞n=1 ONB in L2(M), ϕn ∈ L∞(M) for all n ∈ N

For f ∈ L1(M),

cn(f ) = (f , ϕn)2 =

∫
M

f (x)ϕ∗n(x)dµ(x), Yn(x ; f ) = cn(f )ϕn(x)

Problem: For which f ∈ L1(M) does the Fourier series converge?

∞∑
n=1

Yn(.; f )→ f in L1(M)
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Spatial approximations in L1

Theorem (Grigoryan’91)

Let
ϕn(x) = eınx ∈ L∞[−π, π].

For ∀ε > 0 there is a subset

Eε ⊂ [−π, π] with |Eε| > 2π − ε

with the following property; for every f ∈ L1[−π, π] there is a
g ∈ L1[−π, π] such that

(f − g)|Eε = 0 and
∑

n

Yn(.,g)→ g in L1[−π, π].

Zhirayr Avetisyan (UCSB) Fourier series in L1 Applied/PDE Seminar, UCSB 2018 6 / 22



Cylindric structure

Obstacles against generalization to {ϕn}∞n=1 andM:
Uses special properties of eınx

Uses the structure of [a,b] ⊂ R

Possibilities:
Use measure theoretic isomorphismM' [a,b]

Find natural cylindric structureM = [a,b]×N
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The main result

Theorem:
LetM be a separable finite diffuse measure space, and let{ϕn}∞n=1 be
an ONB in L2(M) with ϕn ∈ L∞(M). For every ε, δ > 0 there is a
subset Eε ⊂M with |Eε| > |M| − δ and with the following property; for
each function f ∈ L1(M) with |f |1 > 0 there exists a g ∈ L1(M) s.t.

‖f − g‖1 < ε,
(f − g)|Eε = 0,

∞∑
n=1

Yn(.; g)→ g ∈ L1(M),

sup
m

∥∥∥∥∥
m∑

n=1

Yn(.; g)

∥∥∥∥∥
1

< 2 min{‖f‖1, ‖g‖1}.
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Homogeneous Space
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Example: sphere

M = S2, x = (θ, ϕ),

dµ(x) =
1

4π2 sin θdθdϕ.

Label n = (ρ,m), ρ ∈ N0, m = −ρ, . . . , ρ,

ϕn(x) = Y m
ρ (θ, ϕ) =

√
(2ρ+ 1)(ρ−m)!

(ρ+ m)!
Pm
ρ (cos θ)eımϕ.

Cylindric structure S2 ' [0,1]× [0,1],

(θ, ϕ) 7→ (
ϕ

2π
,
θ

π
).
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Invariant measure on G/H

G - infinite compact second countable Hausdorff group

H ⊂ G - closed subgroup, G/H - infinite homogeneous space

x ∈ G/H means x = xH, where x ∈ G

dx - Haar measure on G, dh - Haar measure on H

dx - unique normalized G-invariant Radon measure on G/H such
that ∫

G
f (x)dx =

∫
G/H

(∫
H

f (xh)dh
)

dx , ∀f ∈ C(G).

Zhirayr Avetisyan (UCSB) Fourier series in L1 Applied/PDE Seminar, UCSB 2018 11 / 22



Fourier transform on G/H
Ĝ - unitary dual of G

dH
ρ = mult(1, ρ|H) for ∀ρ ∈ Ĝ

Ĝ/H =
{
ρ ∈ Ĝ dH

ρ > 0
}

PH =

∫
H
ρ(h)dh, ρ(x) = ρ(x)PH , ∀ρ ∈ Ĝ/H, ∀x = xH ∈ G/H

Fourier transform of f ∈ L1(G/H) is

f̂ (ρ) =

∫
G/H

f (x)ρ(x)∗dµ(x)
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Fourier series on G/H
Block Fourier series of f ∈ L1(G/H),∑

ρ∈Ĝ/H

dρ tr
[
f̂ (ρ)ρ(x)

]
, dρ = dimH0ρ ∈ N

Choose {eρi }
dρ
i=1 ONB in Hρ, and {eρα}

dH
ρ

α=1 ONB in PHHρ

Label n = (ρ, i , α), ϕn(x) =
√

dρ
(
ρ(x)eρα,eρi

)
,

cρ,i,α(f ) = (f , ϕρ,i,α)2, Yρ,i,α(x ; ρ) = cρ,i,α(f )ϕρ,i,α(x)

Then

tr
[
f̂ (ρ)ρ(x)

]
=

dρ∑
i=1

dH
ρ∑

α=1

Yρ,i,α(x ; ρ)
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Main theorem for G/H
Theorem:
LetM = G/H be an infinite homogeneous space of a compact second
countable Hausdorff group G with closed isotropy subgroup H ⊂ G.
For every ε, δ > 0 there is a subset Eε ⊂ G/H with |Eε| > 1− δ and
with the following property; for each function f ∈ L1(G/H) with |f |1 > 0
there exists a g ∈ L1(G/H) s.t.

‖f − g‖1 < ε,
(f − g)|Eε = 0, ∑

ρ∈Ĝ/H

dρ tr [ĝ(ρ)ρ(x)]→ g ∈ L1(G/H),

sup
ρ0∈Ĝ/H

∥∥∥∥∥∥
∑
ρ≤ρ0

dρ tr [ĝ(ρ)ρ(x)]

∥∥∥∥∥∥
1

< 2 min{‖f‖1, ‖g‖1}.
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Cylindric structure in G/H

K ⊂ G infinite closed subgroup,

G/H(K ) = {x ∈ G/H ∃1 6= k ∈ K s.t. kx = x} ⊂ G/H

q : G/H → K\G/H, q(x) = Kx

ν = µ ◦ q−1 probability measure on K\G/H

Proposition

If |G/H(K )| = 0 then there exists a Borel almost isomorphism
ϕ : K × K\G/H → G/H such that

ϕ(k̃ · k ,Kx) = k̃ϕ(k ,Kx), q(ϕ(k ,Kx)) = Kx ,

∀k , k̃ ∈ K , ∀Kx ∈ K\G/H.
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Construction
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The construction of Eε and g

Choose an arbitrary ordering {Rk}∞k=1 of all Fourier polynomials
with rational coefficients.

For every k ∈ N, choose a partition {∆l(k)}ν0(k)
l=1 of the cylindric

measure spaceM = [0,1]×N of the form

∆l(k) = [al(k),bl(k)]× ∆̃l(k),

such that the measures ‖∆l(k)‖ are small enough, as well as a
subordinate real step function

Λ(k) =

ν0(k)∑
l=1

γl(k)χ∆l (k),

such that ‖Λ(k)− Rk‖1 is sufficiently small.
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The construction of Eε and g (2)

For every k ∈ N, choose a number δ∗(k) ∈
(
0, 1

2

)
so that

{δ∗(k)}∞k=1 decays sufficiently rapidly. Define the periodic step
function

I(t) = 1− 1
δ∗(k)

χ[0,δ∗(k))(t mod 1),

and the measurable function ĝk
l ∈ L∞(M) by

gk
l (x) = γl(k)I

(
s0(k)t

)
χ∆l (k)(x), ∀x = (t , y) ∈M = [0,1]×N ,

where the positive number s0(k) is sufficiently large.
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The construction of Eε and g (3)

Define the measurable subsets Êl(k) ⊂ ∆l(k) by

Êl(k) =
{

x ∈ ∆l(k) gk
l (x) = γl(k)

}
.

Define inductively the natural numbers N̂l(k), l = 0, . . . , ν0(k) and
Fourier polynomials Q̂k

l , l = 1, . . . , ν0(k), by setting N̂0(1) = 1,

N̂0(k) = N̂ν0(k)(k − 1) for k > 1, and Q̂k
l =

∑N̂l (k)−1
n=N̂l−1(k)

Yn(ĝk
l ), so

that the quantities ∥∥∥∥∥∥
N̂l (k)−1∑

n=1

Yn(ĝk
l )− ĝk

l

∥∥∥∥∥∥
2

are sufficiently small.
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The construction of Eε and g (4)

For every k ∈ N, define the natural numbers Nk = N̂ν0(k) − 1,

measurable subsets Ẽk =
⋃ν0(k)

l=1 Êl(k), and measurable functions
g̃k ∈ L∞(M) by

g̃k = Rk − Λ(k) +

ν0(k)∑
l=1

ĝk
l ,

as well as Fourier polynomials

Q̃k =

ν0(k)∑
l=1

Q̂k
l =

Nk−1∑
n=Nk−1

Ỹn.

Set

E =
∞⋂

k=1

Ẽk .
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The construction of Eε and g (5)

Choose a subsequence {Rks}∞s=0 such that ‖Rks‖1 decay
sufficiently rapidly, and

∑∞
s=0 Rks = f in L1(M).

Define inductively the sequence of natural numbers {νs}∞s=1,
νs > νs−1 for s > 1, and measurable functions gs ∈ L∞(M) by
choosing ν1 so that Nν1−1 > maxσ(Rk0) and∥∥∥∥∥∥Rνs − Rks +

s−1∑
j=1

[
Q̃νj − gj

]∥∥∥∥∥∥
1

is sufficiently small, and setting gs = Rks + g̃νs − Rνs .
Finally, set

g = Rk0 +
∞∑

s=1

gs.
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Thank you.
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